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Transient Analysis of Coupled, Tapered Transmission
Lines with Arbitrary Nonlinear Terminations

Kyung S. Oh, Student Member, IEEE, and Jose E. Schutt-Aine Member, IEEE

Abstract—In this paper, a fast and efficient method to simulate
the time-domain transient response of coupled, tapered trans-
mission lines is presented. A time-domain scattering parameter
formulation is used to derive the simple closed-form expression
for the voltage variables for uniform lossless lines; then, this
expression is applied to tapered lines by dividing the lines into
many uniform sections. Computational efficiency and stability are
achieved using recursive time-domain algorithms. The method
that assumes a quasi-TEM mode of propagation is applicable
to nonlinear terminations and inhomogeneous dielectric media.
Memory requirement is minimized and is independent of the
number of time steps. Simulation results when compared with
experimental simulations indicated a good level of agreement.

1. INTRODUCTION

APERED microstrip transmission lines are often used as

delay equalizers. impedance transformers, and impedance
matching sections in microwave circuits. Currently, tapered
lines are also appearing in digital integrated circuit applications
as interconnections due to the recent development of the tape
automated bonding (TAB) technology. A substantial amount of
work has been devoted to the study of these structures [1]-[9],
which have been investigated from the design viewpoint [8].
Syahkal and Davies [9] used the spectral domain technique
to analyze tapered structures, while Protonotarios and Wing
[8] characterized the line in term of its ABCD parameters
to discuss the properties of the lines. Mehalic and Mittra [1]
modeled tapered lines using an iteration-perturbation approach
from which the frequency-dependent scattering parameters
were extracted and used to simulate the time-domain voltage
response. On the other hand, Rao er al. [10] developed a
method to calculate the input impedance of a tapered line with
arbitrary loads. In general, limited effort has been devoted to
the study of transient and pulse degradations through coupled,
tapered transmission lines [1]-[6].

The method presented in this paper is based on the time-
domain scattering parameter approach. Although scattering
parameters have been widely used in the frequency-domain
(steady state) analysis of microwave circuit design, they are
rarely used in the time-domain (transient) analysis; recently,
they have been used for the time-domain simulation of uni-
form transmission lines with nonlinear terminations [11]. The
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advantages of scattering parameters over other network param-
eters such as the H-, Y-, or, Z-parameters become apparent
when distributed networks are analyzed; in such situations, the
scattering parameter approach will result in better numerical
stability and simplicity. First, the method used in [11] is ex-
tended to formulate the transient response of coupled, tapered
transmission lines. Scattering parameter transfer functions are
used to derive recursion relations for the voltage solutions
as a function of time. The algorithm thus implemented can
be conveniently incorporated into a computer program for
simulation.

II. SCATTERING PARAMETERS OF COUPLED UNIFORM LINES

The frequency domain characteristics of coupled uniform
lines, shown in Fig. 1(a), can be analyzed in terms of scattering
parameters employing the notion of a two-port network, and
using a scattering approach, the analysis of the system can
be conveniently broken down into two parts: one which
relates the voltage variables in the test lines while the other
links these voltage variables with the termination conditions.
Reference lines are first inserted at both ends of the test
lines; Fig. 1(b) shows a single-line system with reference
lines inserted. It should be pointed out that reference lines are
nonphysical and, furthermore, with the flexibility in the choice
of these reference lines, a scattering parameter approach will
yield a more simplified solution. Now defining modal voltage
coefficient vectors A1, Az, By, and B>, at the transition planes,
the scattering parameter matrices of a uniform N-line system,
511,512,521, and Sas, satisfy the following relations in the
reference lines:

By = 81141 + 8124

By = 854, + S0 A,

(1a)
(1b)

where A; and B; are the incident and reflected modal voltage
vectors, and the subscript 1 indicates the near ends, while
the subscript 2 indicates the far ends assuming the source is
located at the near ends, and the line voltage and current values
can be recovered from

Vi=E;'(4;+ By @)
I;=H;'Z;'[A; - B;] i=1.2 (2b)

where
ErLyCrEy' = HyCrLrH;' = A} (20)
Zy = Af Ep Ly HY (2d)
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Here, the ith rows of Ey and Hy are the voltage and current
eigenvectors corresponding to the ith mode, and Zp is the
modal impedance matrix while the subscript r denotes the
reference line [11]. A time-domain formulation can be directly
obtained by taking an inverse Fourier transform of (1):

b (t) = Sll(t) * a.l(t) + 812(t> * ag(f,)
ba(t) Sgl(t) *a1(t) + S90(t) * ax(t)

(3a)
(3b)

i

Lower-case characters indicate the time domain, and each term
is the inverse transform of the corresponding term in (1), The
above equations relate incident wave vectors to reflected waves
through convolution in the test lines, and the equations relating
these wave vectors (o termination conditions are given by

(4a)
(4b)

ay(t) = T1(t)gy(t) + I (1)be(t)
as(t) = T2(t)gs(t) + I'a(t)ba(?)

where g;(t) is the modal source voltage vector, and T'; and
I'; are the transmission and reflection coefficient matrices at
the junction of the reference lines and the termination and are
defined by

T;(t) =1 + ErZ;(t) Ly Ef P Ar] ! (5a)
r;(t) =+ ErZ;()Ly ' Ey* Ar] !
U = ErZ;() Ly "Ef P Ar]; 1=1,2 (5b)

where Z;(t) and I are the impedance and identity matrices,
respectively, and Ay is a diagonal eigenvalue matrix whose
elements are given by [Ap], = 1/vn,, where vy, is the
velocity of propagation of the ith mode. It should be noticed
that since the termination is lumped, the termination relations,
(4) and (5), do not require convolutions and are only associated
with the instantaneous values of the voltage and waves and
terminations; thus it is applicable to nonlinear terminations.
Moreover, when terminations are linear, the impedance matri-
ces become time independent, and these equations have to be
calculated only once. By matching the voltages at boundaries,
frequency domain modal scattering parameters for lossless
lines can be obtained:

S11=8o =T ' I'- XI'X|[I - 'XT'X)"'T  (6a)
S1y = 8o = 2ExE'[I ~ INX[I-T'-XTI'X]"'T (6b)

where X is the diagonal matrix with [X],, = e=Iwd/Vmi and I
and T are the reflection and transmission coefficient matrices
at the junction of the reference lines and the test lines and are
defined by

I'={I+EE;'ZrHrH ' Z )71
I~ EE; ' ZrHr H ' Z ;|
T =+ EE; ' Z+HrH ' Zy, | 'EE;".

(7a)
(7b)

Again, the subscript 7 is used to distinguish between the
variables for the reference lines and for the test lines. Now
using the fact that the reference system consists of arbitrary
nonphysical lines. the test line can be chosen to be equivalent
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Fig. 1. (a) Topological representation of a umform n-line system. (b)
Single-line system with reference lines. (¢) Time-domamn flow-graph repre-
sentation of (a). The * gign indicates a convolution in the time domain.

to the reference lines. Then, we have

r=o (82)
S11= 832 =0 (8b)
312 = ,5'21 =X (8C)

With the above results, the convolution in (3) simplifies to

bi(t) = as (t - i) (9a)
Vm

bo(t) = a1 (t - i) 9b)
Vm

where the jth element of a1 (¢t — d/vy,) is the jth element of
ay at t —d/v,,. Now a, and b; can be calculated using (4), (5).
and (9), and the total line voltages and currents are recovered
by using (2).

Fig. 1(c) illustrates the final results in terms of a signal flow
graph representation of the time-domain scattering parameters
of the lossless transmission line system. The nodes represent
modal voltage waves and the branches designate the modal
scattering parameters. Although the branches for S1; and S
are not drawn due to the final results, they should be included
in the general analysis. In the following section, this flow graph
representation will be extensively used to analyze tapered
lines.
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junction 1 junction2  junction 3 junction (N-1)

Fig. 2. Approximation of tapered Iine by cascading sections of uniform lines
of different widths.

III. FORMULATION FOR TAPERED LINE SYSTEM

In this section, the formulation of coupled, tapered lines
is presented based on the results obtained from the previ-
ous section. A tapered line system is first approximated by
cascading a large number of uniform coupled line sections
as shown in Fig. 2. In this analysis, the fringing field due
to junction discontinuity of these line sections is neglected
by assuming that a sufficiently large number of sections is
used, which can be further justified by recalling the nature of
the original tapering geometry in which there is no abrupt
junction discontinuity. In general, each section of uniform
coupled lines can be analyzed by inserting a reference system
at both ends of the section. The reference system consists of an
array of ideal uniform transmission lines. Since the reference
system is arbitrary, it is convenient to make it equivalent to
the test system that leads to simpler expressions. Consequently,
each section of the tapered line system will be described in
terms of a different reference system. Connecting the flow
graphs associated with adjacent sections of the jth junction
will then introduce the branch parameters Tj, Fj, T}, and F./i
which account for the change in the reference system from
the jth to the (j + 1)th section as shown in Fig. 3(a), (b),
and (c) for the jth junction and the first and last junctions,
respectively.

Solution for the Voltage Waves at an Arbitrary Junction

Based on the study of the flow graph in Fig. 3(a), we
can now write the equations relating the modal voltage wave
vectors of the middle sections of the tapered line segments as
follows:

uj(t) = Tjw’j_l(t) —l—F’j'wj(t) (102)
d
w]-(t) = SIQ(j)(t) * u (t) = u; (t - {’;) (10b)
u}(t) = T"7-+1'w]-+1(t) + Fj+1'u).’7-(t) (10c)
, d
510 = Sy Oy 1 0 =wy (1)
(10d)

where uj.w -, and, fw.’j are the incident and reflected modal

voltage wavje vJectors of the source and load sides of the
Jth section, respectively, and the lengths of each sections are
assumed to be the same for simplicity of notation. Tj, r 3 T 3
and I' 4 are the modal transmission and reflection coefficient

matrices associated with the (7 —1)th junction which is located
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Fig. 3. Time-domain flow graphs for (a) middle sections, (b) source end,

and (c) load end of coupled, tapered lines. The * sign indicates a convolution
1n the time domain.

between the (j — 1)th and jth sections. Then, by satisfying the
boundary condition at the (7 — 1)th junction, the expressions

of T4, I’ j’T/j? and I'; at the junction can be obtained:
-1 —~1 1 —
Ty =2 E B 7y Ty 525 R
(11a)
1 1 —
T =2[[+; B3 20 750 7 B
(11b)
_ g gt -
ry=l+2; Hj 25 Bl |7
—1p-1 -1
I - Z H H Z-7 EJE‘7 1] (11c)
17-1
T = [T+ 7;H ;M IZ] 1E 7
- ZHH 22 By E] (11d)

Jj-173-1

where the subscript j denotes the jth section; a detailed
derivation is given in the Appendix. Substituting (10c) and
(10d) into (10a) and (10b), (10) can be further simplified as
follows:

(12a)

uj(t) = Tjuj_ 1<t Ujd1>+r’ w;(t)

d 2d
—_— 4 - — - - _—
'wj(t) —TJ-+1w_7Jr1 <t 72]> + 1, (t UJ)

(12b)
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From the above equations, it is clear that the forward and
backward voltage waves of the jth junction can be obtained
from the history of the adjacent junctions ((j — 1)th and
(4 + 1)th), and from the voltage continuity relation, the total
voltage at any side of the junction can always be obtained.

Solution for Voltages at the Source and Load Ends

Equations for the voltage vectors at the two ends of the
tapered line system can be easily derived following the above
arguments and using the flow graph in Fig. 3(b) and (c). For
the source end, the expressions are given by

u(t) = Ts(t)gs(t) + I's(t)wi(t) (13a)
w1 (t) = Thws (t — g) + I'ouy (t — %) (13b)

To obtain the total line voltage at the load end, the values of
'u.’N ar}d 'w’N are required instead of upy and wpy; therefore,
including the expressions for 'u,’N and w'N, we have

up(t) = Ty(t)gy(t) + Ty (t)wiy (1) (14a)
w/]v(t) =upy (t — %) (14b)

r t) (14
'UN——1)+ NwN(t) (14c)

'U,N(t) = TNuN—l (t —

wy(t) ——uN(t— i).

UN

(14d)

Here, gt is the modal voltage source, and the subscripts s and [
represent the source and load sides of the ith segment, respec-
tively. The reflection and transmission coefficient matrices at
two ends, T's(t), I's(t),Ty(t), and I"j(t), can be calculated
using (5) in Section II by replacing the subscripts 1 and 2
with s and I, accordingly. Equations (12), (13), and (14) can
thus be used to simulate the overall system at each time step;
in particular, the line voltage vectors at the two ends are
recovered using

s(t) = E7 ur () + w1 (1)] (15a)
is(t) = H1 Y27 (1) - wi (1) (15b)
vy(t) = [uN(t +w'y (1)) (15¢)
i(t) = [uN(t) — win(t)] (15d)

Considering the computer memory space requirement of the
above results, the number of voltage variables to be calculated
for N sections of lines is (2N + 2): two voltage variables
uj and wj, for each section (Equations (12), (13), (14c), and
(14d)), and two additional voltage variables, «/. and w’;. for
load end (Equations (14a) and (14b)). Furthermore, since (12),
(13), and (14) relate values of these voltage variables at the
current time step to the values calculated at {t — 2d/v,) and
(t — d/v;), these voltage variables have to be stored at most
for 2d/v,, which is twice the time required for the ith mode
voltage wave to travel from one side of the section to the
other side. Thus, the memory location required from the above
results is linearly proportional to the number of sections used

to approximate the tapered lines and the size of the time step.
and is independent of the number of time steps or the length
of the simulation period.

IV. SIMULATION RESULTS

A computer simulation program was implemented based on
the previous results, and was tested for single- and three-line
cases. The space variations of the test structures were all linear,
and specific geometries and dimensions are shown in Fig. 4.
First, for the single-line case, the dielectric thickness was 59
mils, and the relative dielectric constant was 2.55. The input
puise used to simulate the single line had rise and fall times
of 1 ns and a pulse width of 10 ns with a maximum voltage of
4 V. The static formulas had been used to obtain the effective
permittivity and line impedance for each uniform line section
[12]. Fig. 5 shows the simulated results of voltage waveforms
at both ends of the line with excitation of the input pulse at the
narrow and wide ends. For all simulated cases, the line was
open ended with a source impedance of 50 2. Tapering effects
are shown with slowly decaying and rising edges between the
sharp transition edges. For the three-line case, the dielectric
thickness was 31 mils and the relative dielectric constant
was 4.7. Rise and fall times of 1.6 ns and pulse width of
17 ns with a maximum voltage of 1.58 V are used for the
input pulse. Circuit parameters of the lines were extracted
using the spectral-iterative technique in conjunction with the
minimization in the boundary condition error. Experiments are
also given to verify the results. The middle line was used to
drive the signal with the same source impedance as in the
previous case. All lines were open ended at both sides except
for the source end of the driving line and load end of the sense
line, which is one of the outer lines. The short and open-ended
terminations are used at the load end of the sense line which
is located at the opposite side of the source end of the driving
line. Fig. 6 shows the comparison of the computer simulation
with the corresponding experimental results. Good agreement
was found except for any parasitic side effects.

V. CONCLUSIONS

A new technique to simulate the transient response of
coupled, tapered lines is introduced based on time-domain
scattering parameters. In contrast with other known methods,
the present method avoids the use of convolution or the spec-
tral domain approach and thus achieved high computational
efficiency and accuracy. The linear time dependency and con-
stant memory space requirement were achieved with respect to
simulation time. A computer program was written based on the
final results, and simulation results from this program showed
good agreement with the experimental results and other ex-
isting techniques. Although the present method applied only
to tapered lines, it can be further generalized to analyze any
nonuniform transmission lines or lines with distributed load-
ings. Currently, the authors are also studying the improved ver-
sion of this method with constant or frequency-dependent loss.
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Fig. 5. Computer simulation plots for the single line in Fig. 4(a) The input
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APPENDIX

Derivation of the Reflection and Transmission
Coefficient Matrices at the Junction

Let us consider the junction of two segments of coupled,
tapered lines, Segments 1 and 2, and denote the incident modal
voltage wave that arrives at the junction from Segment 1 by
A, and the reflected and transmitted modal voltages by B and
C, respectively. Then, the total line voltages and currents at
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Fig. 6. Computer simulation results for the three-line case in Fig. 4(b). The
voltages at driving and sense lines are represented by the solid and dotted
lines, respectively.

Segments 1 and 2, denoted by V1,Vy, I, and I, are given
by the following expressions:

Vi=E['[A+ B] (Ala)
V. =E;'C (Alb)
I, = H{'Zp, A — B] (A2a)
I, = H; ' Zg,C (A2b)

Since these total line voltages and currents at the junction
must be equal, we have

E['A+B]=E;'C
H{'Zmy[A~ B] = H; ' Zy,C.

(A3a)
(A3b)

Now solving the above equations for B and C in terms of
A, we obtain

B=[1+P] ' I-PA (Ada)
C=2[+Q| 'E:E'A (Adb)
where
P=Z.H.H;'Z; ' E-ET! (Adc)
Q=EE'Z HH;'Z;" (Add)

Finally, the expressions for I" and 1" are then given by
=[1+ZH H;'Z; 'E,E7']™!
I - ZH\H; ' Z; By ET Y (A52)
T =2 + B2ET ' Z H H; 27 Y Ey ETY (ASD)

Similarly, expressions for I" and T” can be obtained simply by
interchanging the subscripts 1 and 2 from the above equations.
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